If A is a primitive matrix, then there is a smallest power of A (its fully indecomposable exponent) that is fully indecomposable, and a smallest power of A (its strict fully indecomposable exponent) starting from which all powers are fully indecomposable. We obtain bounds on these two exponents.
Introduction
Let Bn denote the set of all matrices of order « over the Boolean algebra {0,1} where, in particular, 1 + 1 = 1. Then Bn is a semigroup whose binary operation is ordinary matrix multiplication. Let Jn denote the matrix in Bn each of whose entries equals 1 . A matrix A G Bn is primitive provided there is a positive integer k such that A = Jn ; the least positive integer k satisfying A = Jn is the exponent e(A) of A. Exponents of primitive matrices have been well studied, and those numbers that are exponents of primitive matrices of order « have been completely determined [4, 6, 7] . In particular the largest exponent of a primitive matrix of order « is en = n -2« + 2 . We denote the set of primitive matrices in Bn by JP .
A matrix AeBn is partly decomposable provided for some positive integers r and 5 with r + s = n, A has an r by 5 zero submatrix. A matrix in Bn that is not partly decomposable is called fully indecomposable. It is well known that a fully indecomposable matrix is primitive and the exponents of fully indecomposable matrices have been studied [3] . We denote the set of fully indecomposable matrices in Bn by Fn . Thus Fn ç Pn. Moreover, it follows that k (1.1) Pn = {A: A G Bn and A e Fn for some positive integer k}.
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The second author's research was performed while a Visiting Scholar of the University of Wisconsin, Madison. There is a one-to-one correspondence between the set Bn and the set Yn of digraphs with vertex set {1,...,«} . This correspondence is given as follows: If A = [a¡j] e Bn , then T(A) is the digraph in which there is an arc (i, j) from i to j if and only if at.. = 1 (i, j = 1,...,«).
We note that since A may have 1 's on its main diagonal, the digraph T(A) may have loops. We call a vertex i of a digraph a loop-vertex provided (i, i) is a loop of the digraph. We call a digraph in Tn a primitive digraph provided it corresponds to a primitive matrix. The following properties are direct consequences of the definitions:
If A is primitive, T(A) is strongly connected (that is, for each pair of distinct vertices i and j, there is a walk from i to j); In addition the following is a well-known characterization of primitive matrices:
A is primitive if and only if the greatest common divisor of the lengths of all (elementary) cycles of T(A) is 1 .
Let A be a primitive matrix. It follows from (1.1) that there is a smallest positive integer k such that A is fully indecomposable; we denote the smallest such integer by f(A). Schwarz [5] In what follows we obtain bounds for the numbers /" and /"*.
Bounds on the exponents
Let A be a matrix in Bn with associated digraph F (A), and let k be a nonnegative integer. For X ç {1,...,«} , Rk(X) denotes the set of all those vertices that can be reached by a walk of length k in F(A) starting from a vertex in X. (If k = 0, Rk(X) = X.) A restatement of (1.4) is:
Ak is fully indecomposable if and only if \Rk(X)\ > |X| for all X with <p¿X<g{l,... ,n}.
Chao and Zhang [2] showed that f(A) < n if A e Pn and trace(^) ± 0.
We refine this result to obtain an inequality for f*(A) in Theorem 2.2.
Lemma 2.1. Let T be a strongly connected digraph with vertex set {1,...,«}, let s be a positive integer, and let Z = {ix, ... , is} be a set of s loop-vertices of T. Then for each positive integer t,
Proof. Suppose that Rt(Z) ^ {1,...,«} . Since T is strongly connected, there is an arc (p, j) from some vertex p e Rt(Z) to a vertex j £ Rt(Z). Because j $ R,(Z) there is a vertex in Z , say ix, such that the distance from ix to p is t and the distance from each of i2, ... , is to p is at least t. Thus there is a walk (ix, ... , p) of length / from ix to p containing /+1 distinct vertices all of which are different from i2, ... , is. Since ix, i2, ... , is axe loop-vertices, we conclude that \Rt(Z)\ >(s-l) + (t+l) = s + t, and the lemma follows. D Theorem 2.2. Let s be a positive integer, and let A be a matrix in Pn having s Vs on its main diagonal. Then (2.3) f(A)<n-s+l. Proof. Let A be a matrix in Pn. Since T(A) is strongly connected, T(A) has a simple cycle of length r for some r with I < r < n. Let 5 be the number of vertices which belong to at least one cycle of length r. Then s > r and by Corollary 2.4, (2.9) f(A)<r(n-s + l)<r(n-r+l).
For integral r, r(n -r + I) achieves its maximum when r = (n + l)/2 (« odd) and r = «/2, n/2 + 1 (« even). Since A is primitive, then by (1.5) the greatest common divisor of the lengths of the cycles is 1. Hence if « is odd and r -(n + l)/2, T(A) has a cycle of length different from (n + l)/2. We now obtain from (2.6) that riA\^ Í ("2 + 2")/4' («even) f\A) < { ■> {(n+2n-3)/4, (n odd) and the theorem follows. D
The upper bound for fn in Theorem 2.6 probably is not of the same order of magnitude as fn. The example (1.6) can be generalized to all « > 5 to show that fn>2n-4.
Indeed it is tempting to conjecture that fn-2n-4 (« > 5). We now consider the maximum strict fully indecomposable exponent f*. First we obtain by example a lower bound for f*.
Suppose that k and « are integers with n > 5 and 2 < k < « -3. Let A be the matrix in Bn whose associated digraph is pictured in Figure 1 (p. 1198) .
This digraph has cycles of lengths n -k + 1 and n -k, and hence by (1. Indeed one may show that f*(A) = k(n -k). Taking k = [n/2\ in (2.10) we obtain (2.11) fn > L«/2J r«/21 («>5).
For a primitive matrix A in Bn, f*(A) < e(A) < en = « -2« + 2 and hence it follows that (2.12) /"* < «2 -2« + 2.
Let X(A) denote the number of distinct lengths of the cycles of Y(A). It follows from (1.5) that k(A) > 2 if « > 1 . We now turn our attention to obtaining an improved bound for f*(A) in the case that k(A) = 2.
Lemma 2.7. Let T be a digraph in Tn, and let y be a cycle of Y of length r. If X is a set of vertices belonging to the cycle y, then Rir+j(X) ç R(i+x)r+j(X) (i>0;0<j<r-l). Proof. If from some x in X there is a path of length ir + j to a vertex z, then there is also a walk from x to z of length (i + l)r + j . D Lemma 2.8. Let T be a digraph in Tn , and let y be a cycle of T of length r. Let X be the set of all vertices belonging to the cycle y. Then Rt(X) Ç Ri+x(X) (i>0).
Proof. If from some vertex x of X there is a walk of length i to a vertex z, then there is a walk of length i + 1 to z from the vertex which precedes x in r. d In particular, the largest exponent for matrices in Pn occurs among those matrices with k(A) = 2. We conjecture that the strict fully indecomposable exponent behaves in a similar way and thus that /;<L(« + i)2/4j.
In view of (2.11) the validity of this latter inequality would imply that f* is roughly n ¡4.
